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Abstract

Rail corrugation is a main factor causing the vibration and noise from the structures of railway vehicles and tracks.

A calculation model is put forward to analyse the effect of rail corrugation with different depths and wavelengths on the

dynamical behaviour of a passenger car and a curved track in detail. Also the evolution of initial corrugation with different

wavelengths is investigated. In the numerical analysis, Kalker’s non-Hertzian rolling contact theory is modified and used to

calculate the frictional work density on the contact area of the wheel and rail in rolling contact. The material loss per unit

area is assumed to be proportional to the frictional work density to determine the wear depth of the contact surfaces of the

curved rails. The combined influences of the corrugation development and the vertical and lateral coupled dynamics of the

passenger car and the curved track are taken into account. The numerical results indicate that: (1) the corrugation with

high passing frequencies has a great influence on the dynamical performance of the wheelset and track, but little on the car-

body and the bogie frame; (2) the deeper the corrugation depth is, the greater the influence and the rail material wear are;

but the longer the corrugation wavelength is, the smaller the influence and the wear are; and (3) the initial corrugation with

a fixed wavelength on the rail running surface decreases with increasing number of the passenger car passages.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

When a train runs on a track with corrugated rails the structures of the train and track vibrate at large
amplitude and generate much noise. Such a situation causes a reduction of the operational life of structural
components, disturbs the living environment and reduces the comfort of the passengers. The phenomenon of
rail corrugation has been observed and studied for over 100 years. According to a review of recently published
papers on rail corrugation [1], their studies and the algorithms used include three main parts: (1) theoretical
and numerical methods [2–17]; (2) experimental methods [18–20]; and (3) investigation and observation on site
[21–27]. The studies with the theoretical and numerical methods involve a concept of feedback between the
wear and the contact vibration of wheel and track [2–4], rolling contact theories with Hertzian form [5–8], high
frequency structural vibrations of flexible wheelset and track or self-excited vibrations of them [9–11], plastic
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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deformation theory of rail material [12], and non-Hertzian rolling contact theory for material wear calculation
[13]. Refs. [13–16] put forward time-domain methods for the analysis of rail corrugation and dynamic
coupling of train and track. The rail corrugation models in Refs. [13,14] considered the effect of the vertical
dynamics of train and track, and the train–track models in Refs. [15,16] considered vertical and lateral coupled
dynamics of the system. In Ref. [17], the influence of multiple wheel/rail interactions on rail corrugation was
investigated. In Refs. [2–7], initial roughness profiles of rails with periodical variation are taken into account in
their numerical calculations of rail corrugation. The latest corrugation experiments were carried out by
Matsumoto et al. using a full-scale test facility [18,19]. In their experiments, a phenomenon of so-called
‘‘forced corrugation’’ was reproduced on the tread of the test wheelset since the high frequency excitation was
applied to the rollers which simulated curved rails. In Ref. [20], corrugation was reproduced using a small-
scale laboratory test stand.

In the present study, a calculation model is put forward to analyse the effect of rail corrugation with
different depths and wavelengths on the dynamical behaviour of a passenger car and a curved track in detail.
Also the evolution of initial corrugation with different wavelengths is investigated. In the numerical
analysis, Kalker’s non-Hertzian rolling contact theory is modified and used to calculate the frictional
work density on the contact area of the wheel and rail in rolling contact. The material loss per unit area is
assumed to be proportional to the frictional work density to determine the wear depth of the contact
surfaces of the curved rails. The combined influences of the corrugation and the vertical and lateral
coupling dynamics of the passenger car and the curved track are taken into consideration. For simplicity, the
numerical model of corrugation calculation considers a half-passenger car with a two-axle bogie and a double-
suspension system, and a simplified curved track, in which an Euler beam is used to model the rails, the
structural components under the rails are replaced with equivalent springs, dampers and masses. The
undulatory wear on the running surfaces of the rails, passed by the four wheels of the same bogie, is calculated
simultaneously.
2. Calculation model for corrugation

2.1. Model of passenger car and track

Corrugation occurring on curved tracks are the most serious at railway sites. In the present calculation a
curved track with radius R0 ¼ 300m and a half-passenger car are selected. A transition curve with length 80m
is followed by a circular curve of length 100m. The track gauge is 1437mm. The sleeper spacing is 600mm.
The super-elevation of the outside rail of the track is 100mm, the rail inclination is 1/40, and the type of rails
laid has mass 60 kg/m. The half-passenger car is equipped with a bogie with two wheelsets and double
suspension systems. The nominal rolling radius of the wheelsets with worn profile is r0 ¼ 457:5mm. The
curving speed of the passenger car is 80 km/h. Since the half-passenger car is considered in the analysis of
dynamic performance of the vehicle coupled with the curved track, it cannot be balanced when it is running on
the track. Therefore, the pitching and yaw motions of the carriage have to be neglected. These pitching and
yaw vibrations of the carriage have low frequencies; usually ranging from 1 to 2Hz, so such vibrations have
little influence on rail corrugation with wavelength less than 2m. The calculation model of the half-passenger
car and the track is shown in Figs. 1(a) and (b). The left and right wheels of the leading wheelset are denoted as
wheel 1 and 2 and the corresponding wheels of the trailing wheelset are denoted as wheel 3 and 4. In Fig. 1, Z

with different subscripts indicates the vertical displacement of the parts of the passenger car and the track, Y

denotes the lateral displacement, y indicates the pitching angle, f indicates the rolling angle, Pwrzk ðk ¼

1; 2; 3; 4Þ indicate the vertical loads between the four wheels and the rails, C and K with subscripts stand for the
coefficients of the equivalent dampers and the stiffness coefficients of the equivalent springs, respectively. The
equivalent dampers and springs are used to replace the connections between the components of the passenger
car and the track, as shown in Fig. 1. Since the system contains many differential equations and the detailed
derivation of the equations is tedious, the equations are given directly, and their symbols are explained in the
following text.
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Fig. 1. (a) Elevation of a half-passenger car coupled with a curved track: (b) side elevation.
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2.1.1. Equations of passenger car system

The vertical, lateral and roll differential equations of the half-carriage are:

Mc
€Zc � a0

€fsec þ
v2

Rc

fsec

� �
¼ �FztL � FztR þMcg, (1)

Mc
€Y c þ

v2

Rc

þHrc
€fsec

� �
¼ FytL þ FytR þMcgfsec, (2)

Icx½
€fc þ

€fsec� ¼ �ðFytL þ F ytRÞHcB þ ðF ztL � F ztRÞds, (3)

where Mc is the mass of the half-carriage, €Zc and €Y c are the vertical and lateral accelerations of the half-
carriage centre, €fc is the roll angular acceleration, fsec and €fsec are the angular deflection and angular
acceleration of the carriage rolling caused by the super-elevation of the outside rail, v is the curving speed, Hrc

is the height of the carriage centre from the contact point of wheel and rail when the train is static on centre
line of the curved track, a0 is the half-distance between the nominal rolling circles of a wheelset, Rc is the
instantaneous radius of the curved track at the centre of the carriage, g is the gravity acceleration, F ztLðFztRÞ

and F ytLðF ytRÞ are, respectively, the vertical and lateral forces between the carriage and the bogie frame,
subscripts L and R indicate the left and right sides of the carriage, respectively, Icx is the moment of inertia of
the half-carriage in roll, HcB is the height of the half-carriage centre from the secondary suspension location
(Ccz and Kcz), as shown in Fig. 1, and ds is the half-distance between the secondary suspension systems of the
two sides of the bogie. The yaw, pitch and longitudinal motions of the carriage body are ignored.

The equations of motion of the bogie in the vertical, lateral, roll, pitch and yaw directions are:

Mt
€Zt � a0

€fset þ
v2

Rt

fset

� �
¼ FztL � FzfL1 � F zfL2 þ FztR � F zfR1 � F zfR2 þMtg, (4)

Mt½ €Y t þ v2=Rt þ ðr0 þHtwÞ
€fset� ¼ �F ytL þ FyfL1 þ F yfL2 � FytR þ FyfR1 þ FyfR2 þMtgfset, (5)
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I tx½
€ft þ

€fset� ¼ � ½FyfL1 þ FyfR1 þ FyfL2 þ F yfR2�Htw

þ ½FzfL1 þ F zfL2 � FzfR1 � F zfR2�dw þ ðF ztR � FztLÞds � ðFytL þ FytRÞHBt, ð6Þ

I ty
€bt ¼ ½FzfL1 þ F zfR1 � F zfL2 � FzfR2�lt � ½FxfL1 þ FxfR1 þ FxfL2 þ FxfR2�Htw, (7)

I tz½
€ct þ vdðR�1t Þ=dt� ¼ ½FyfL1 þ F yfR1 � F yfL2 � F yfR2�lt þ ½F xfR1 þ F xfR2 � FxfL1 � F xfL2�dw, (8)

where Mt is the mass of the bogie, €Zt and €Y t are the vertical and lateral accelerations of the bogie centre, €ft,
€bt

and €ct are the angular accelerations of the bogie in roll, pitch and yaw, Htw is the height of the bogie centre
from the wheelset centre, HBt is the height of the secondary suspension from the bogie centre, dw is the half-
distance between the two primary suspensions of the two sides of the bogie, lt is the half-distance between the
two axles of the bogie, Rt is the instantaneous radius of the curved track at the centre of the bogie, fset and

€fset

are the angular deflection and angular acceleration of the bogie in roll caused by the super-elevation of the
outside rail, I tx, I ty and I tz are the moments of inertia of the bogie in pitch, roll and yaw, F zfLiðFzfRiÞ,
FyfLiðFyfRiÞ and FxfLiðF xfRiÞ are the forces in the vertical, lateral and longitudinal directions of the primary
suspensions of the bogie, subscripts L and R indicate the left and right sides, i ¼ 1; 2 indicate the front and rear
primary suspensions, the primary suspension systems, indicated by CfZ and Kfz in Fig. 1, are used to support
the bogie frame and set on the two wheelsets. In Eq. (8) vdðR�1t Þ=dt stands for the influence of the curvature
radius variation of the curved track on the yaw motion of the bogie when the passenger car is passing through
the transition curve. The longitudinal motion of the bogie centre is neglected, namely, it is assumed that the
acceleration of the bogie centre in the rolling direction equals zero.

The equations of motion of wheelset i ði ¼ 1; 2Þ in the vertical, lateral, roll, yaw and pitch directions are:

Mw
€Zwi � a0

€fsewi �
v2

Rwi

fsewi

� �
¼ ðFzfLi þ FzfRiÞ þMwg�

X
j¼1;2

Fwrzj , (9)

Mwð €Y wi þ v2=Rwi þ r0 €fsewiÞ ¼ ð�FyfLi � FyfRiÞ þMwgfsewi þ
X
j¼1;2

F wryj, (10)

Iwxð
€fsewi þ

€fwiÞ � Iwyð
_bwi � v=r0Þð _cwi þ v=RwiÞ

¼ a0ðFwrz1 � Fwrz2Þ � rL1Fwry1 � rR1Fwry2 þ dwðFzfRi � FzfLiÞ, ð11Þ

Iwz½
€cwi þ vdðR�1wi Þ=dt� � Iwyð

_fsew1 þ
_fwiÞð

_bwi � v=r0Þ ¼ a0ðFwrx1 � Fwrx2Þ þ a0cwiðF wry1 � Fwry2Þ

þMwrz1 þMwrz2 þ dwðF xfLi � F xfRiÞ, ð12Þ

Iwy
€bwi ¼ rR1Fwrx1 þ rL1F wrx2 þ rR1cw1F wry2 þ rL1cw1F wry1 þMwry1 þMwry2, (13)

where Mw is the mass of the wheelset, €Zwi and €Y wi are the vertical and lateral accelerations of wheelset
i, €fwi;

€bwi and
€cwi are the angular accelerations in roll, pitch and yaw, rLi and rRi are, respectively, the left and

right instant rolling circles of wheelset i, Rwi is the instantaneous radius of the curved track at the centre of the
wheelset, fsewi and

€fsewi are the angular deflection and angular acceleration of the wheelset in roll caused by
the super-elevation of the outside rail, Iwx, Iwy and Iwz are the moments of inertia of the wheelset in pitch, roll
and yaw, F wrxj , Fwryj and Fwrzj ðj ¼ 1; 2Þ are the forces between the wheels and rails in X ;Y and Z directions,
j ¼ 1; 2 indicate wheels 1 and 2, Mwrz1ðMwzy1Þ and Mwrz2ðMwry2Þ are the spin moment components between the
high rail and wheel 1, and the low rail and wheel 2, respectively, subscripts z and y indicate the vertical and
lateral directions. In Eqs. (11) and (12), vdðR�1wi Þ=dt stands for the influence of the curvature radius variation of
the curved track on the yaw motion of the wheelset, and Iwyð

_bwi � v=r0Þð _cwi þ v=RwiÞ and Iwyð
_fsewi þ

_fwiÞð
_bwi � v=r0Þ indicate the interferences between the wheelset curving and rotating, and the curving and roll,

respectively. It is obvious that an interaction of the left and right wheels of the same bogie on the left and right
rails is considered in the rail corrugation calculation. However, the longitudinal acceleration of the wheelset
centre is assumed always to be zero, and the flexible deformation of the wheelset is also neglected.
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2.1.2. Equations of curved track system

The calculation model of the track used in Ref. [28] is introduced in the present paper. Due to the half-
passenger car passing through the curved track, the four wheels of the same bogie interact with the two rails.
Each rail is modelled by an Euler beam. The calculation length of the rails is 12m. The two ends of the
calculation rails are hinged. The vertical and lateral bending deformations and twisting of the rails are taken
into account. The longitudinal deformation and the cross influence of the vertical and lateral bending and
twisting deformations of the rails are ignored. Using the Rayleigh–Ritz method the fourth-order partial
differential equations of the rail are converted into second-order ordinary equations as follows:

€qzkðtÞ þ
EIy

mr

kp
l

� �4

qzkðtÞ ¼ �
XN

i¼1

F ziZkðxsiÞ þ
X

j¼1;3 or 2;4

F wrzjZkðxwjÞ ðk ¼ 1�NMZÞ, (14)

€qykðtÞ þ
EIZ

mr

kp
l

� �4

qykðtÞ ¼ �
XN

i¼1

FyiY kðxsiÞ þ
X

j¼1;3 or 2;4

FwryjY kðxwjÞ ðk ¼ 1�NMY Þ, (15)

€qTkðtÞ þ
GK

rI0

kp
l

� �2

qTkðtÞ ¼ �
XN

i¼1

MsiYkðxsiÞ þ
X

j¼1;3 or 2;4

MwjYkðxwjÞ ðk ¼ 1�NMTÞ. (16)

Eqs. (14), (15) and (16) are, respectively, the vertical, lateral and torsional equations of motion. qzkðtÞ; qykðtÞ

and qTkðtÞ are the generalized coordinates, and describe the vertical, lateral and torsional motions of the rail,
EIy, EIz and GK are the vertical bending, lateral bending and torsional stiffness of the rail, mr is the mass per
unit longitudinal length, I0 is the radial second moment of area of the rail, r is the density of the rail material,
Zkð� � �Þ;Y kð� � �Þ and Ykð� � �Þ are the kth mode functions of the rail in vertical bending, lateral bending, and
torsion, xsi ði ¼ 1; 2; . . . ;NÞ are the coordinates of the sleepers, and xwj ðj ¼ 1; 3 or 2; 4Þ are the coordinates of
the contact points of the wheel and rail. NMZ ¼ NMY ¼ NMT ¼ 100, which is the total numbers of the rail
mode functions selected in the calculation. The sleeper pitch equals 0.6m, N ¼ 20, which denotes the total
number of sleeper spans, and so the calculation length of rail l ¼ 0:6� 20m is 12m. Fzi and Fyi are,
respectively, the vertical and lateral supporting forces of the rail due to sleeper i. Fwrzj and Fwryj are the vertical
and lateral forces between wheel j and corresponding rail. It is noted that Eqs. (14)–(16) with subscript
j ¼ 1; 3 or 2; 4 stand for the equations of the left and right rails, respectively. From Eqs. (14) to (16), it is
obvious that an interaction of the two axles of the bogie on the rails is taken into account. In Eq. (16), Msi and
Mwj are the equivalent calculated moments on the rail, as shown in Fig. 2 for the right rail. Fig. 2 illustrates
the rail force diagram corresponding to the rail fastening system. According to Fig. 2, Fzi, Msi and Mwj in
Eqs. (14)–(16) are written as

Fzi ¼ Fz1i þ F z2i,

Msi ¼ ðFz2i � Fz1iÞb� Fyia ði ¼ 1; 2; . . . ;NÞ,

Mwj ¼ FwryjhR � Fwrzje ðj ¼ 1; 3 or 2; 4Þ. ð17Þ

In Fig. 2, e is the distance from the vertical load point of the wheel/rail contact point to the central line of the
rail, Or is the twisting centre of the rail, a; b and hR are indicated in Fig. 2. In Eq. (17), subscripts j ¼ 1; 3 stand
for wheels 1, 3 running on the left rail, and j ¼ 2; 4 stand for wheels 2, 4 on the right rail. It should be noted
that the formulae expressing Fz1i;Fz2i and F yi include the deflections of the rail and sleeper, and the
coefficients of the equivalent spring stiffness and damper of the rail fastening system. They are omitted for
brevity. Through the dynamic calculation, qzkðtÞ; qykðtÞ and qTkðtÞ ðk ¼ 1; 2; 3; . . . ;NMZ (or NMY or NMT )Þ
are obtained. Therefore, the vertical, lateral and torsional displacements of the rail are written as

Zrðx; tÞ ¼
XNMZ

k¼1

ZkðxÞqzkðtÞ; Y rðx; tÞ ¼
XNMY

k¼1

Y kðxÞqykðtÞ; frðx; tÞ ¼
XNMT

k¼1

YkðxÞqTkðtÞ. (18)

Sleeper i ði ¼ 1; 2; . . . ; 20Þ is represented by a rigid rectangular beam in the calculation model, as shown in
Fig. 3. In Fig. 3, F ziL;F yiL;FziR and FyiR are the forces between the sleeper i and the left and right rails, Fysbi is
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the equivalent support force due to the ballast in the lateral direction (see Fig. 1(b)), F zbiL and F zbiR are the
vertical support forces due to the equivalent ballast bodies, dr is the half-distance between the left and right
rails, db is the half-distance between the centres of the left and right ballast bodies. In the dynamic analysis the
vertical, lateral and roll motions of sleeper i are considered simultaneously.

The ballast bed is replaced with the equivalent rigid ballast bodies, as shown in the left side of Fig. 4.
Considering equivalent ballast bodies A and B, their calculation model is shown in the right side of Fig. 4. In
Fig. 4, F zfiL;F zriL;FzfiR;F zriR and F ziLR are the vertical shear forces between the neighbouring ballast bodies,
FzgiL and FzgiR are the vertical forces between the ballast bodies and the road-bed (ground). In the dynamic
analysis, only the vertical motion of centres of the ballast bodies is taken into account.

For brevity, the differential equations of the sleeper and the ballast bodies are omitted in the paper. It is
noted that the mathematical expressions of the force parameters in Figs. 3 and 4 include the displacements and
the corresponding velocity of the sleeper and the ballast bodies, the stiffness coefficients of the equivalent
springs, and damping coefficients of the equivalent dampers at the corresponding positions, as shown in Fig. 1.
The mathematical expressions are straightforward but tedious.
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2.1.3. Model of wheel– rail contact

In the analysis of the transient coupling dynamics of the passenger car and the curved track, it is necessary
that an accurate and quick calculation model of coupling of the wheel–rail system is used. The calculation
model of wheel–rail coupling, usually, includes the normal and tangential contact problems. Considering the
influence of the undulatory wear of the rail running surface on the normal load, the usual model of the
wheel–rail normal load reads

PwrnjðtÞ ¼
CH ½Zwnj � Zrnj þ d0 �Uwj �

3=2; Zwnj � Zrnj þ d0 �Uwj40;

0; Zwnj � Zrnj þ d0 �Uwjp0;

(
(19)

where j ¼ 1; 2; 3 and 4 indicate wheels 1, 2, 3 and 4, respectively, Zwnj and Zrnj are the normal displacements
of wheel j and the rail at their contact point, and they are determined by solving Eqs. (1)–(19) and calculating
the contact geometry of the wheelset and the rails. d0 is the approach between the wheel and rail caused by the
static normal load when the passenger car is on the central line of the tangent track. Uwj is the depth of the
undulatory wear on the rail running surface, at the contact point of wheel j and the rail. It should be noted
that the model of the normal contact load Eq. (19) is approximately described with a Hertzian contact spring
with a unilateral restraint. In Eq. (19), Zwnk � Zrnk þ d0 �Uw40 indicates the wheel–rail in contact, and
Zwnk � Zrnk þ d0 �Uwo0 stands for separation. CH is the coefficient of the normal contact stiffness
concerning the Hertzian contact condition of the wheel and rail, selected as 1:13� 1011N=m3=2 [28].

Shen–Hedrick–Elkins’ model is adopted as the calculation model of the tangential force between the wheel
and rail [29]. The components, F txj and F tyj , of the instantaneous tangential force, and spin moment Mwrnj are
easily and quickly calculated by using the model of Shen et al. the known instantaneous normal load and the
known instantaneous creepages. F txj and F tyj denote the tangential force components in the longitudinal and
lateral directions, respectively. If Pwrnj, F tyj and Mwrnj are obtained at any time instant, F wrzj ;Fwrzj ;Mwrzj and
Mwrzj in the above concerned equations are expressed in terms of Pwrnj ;F tyj and Mwrn. They read

F wrzj ¼ Pwrnj cos dj þ F tyj sin dj,

Fwryj ¼ � Pwrnj sin dj þ F tyj cos dj ,

Mwrzj ¼Mwrnj cos dj,

Mwryj ¼ �Mwrnj sin dj. ð20Þ

Eqs. (20) are based on Fig. 5. In Fig. 5, vectors n and s denote, respectively, the normal and tangential
directions of the wheel and the rail at their contact point. dj indicates the contact angle of wheel j and the rail.
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2.1.4. Initial and boundary conditions of track system

The two ends of the Euler beams modelling the rails are hinged, namely the deflections and bending
moments at the beam ends are zero. The deflection of the road bed is neglected; only the vertical deflections of
the equivalent ballast bodies are taken into account. The boundary conditions of the equivalent ballast bodies
read

ZbL0 ¼ _ZbL0 ¼ 0; ZbLðNþ1Þ ¼ _ZbLðNþ1Þ ¼ 0,

ZbR0 ¼ _ZbR0 ¼ 0; ZbRðNþ1Þ ¼ _ZbRðNþ1Þ ¼ 0. ð21Þ

Eq. (21) indicate that the vertical deflections and velocities of the equivalent ballast bodies at the two ends of
the track considered are zero.

Zhai [30] developed a numerical method specifically to solve the coupled dynamic equations of the railway
vehicle and track. The stability, calculation speed and accuracy of the numerical method for solving
Eqs. (1)–(21) were also discussed in detail.
2.1.5. Dynamic characteristics of passenger car and track

Considering the influence of the equivalent springs and dampers of the track on the occurrence of
corrugation, their values are given and listed in Table 1. In Table 1 subscripts y; z stand for the lateral and
vertical directions; r; s and b stand for the equivalent springs and dampers between the rails and the sleepers
(railpad), the sleepers and the ballast mass body, and the ballast mass body and the roadbed, respectively;
subscript w stands for the equivalent vertical shear springs and dampers between the two equivalent mass
bodies of the ballast in the vertical direction. The other parameter values of the passenger car and the track are
listed in Table 2 [31].

The resonance frequencies and the modes of the track play an important role in wavelength formation
of rail corrugation [2]. For the above prescribed model of the vehicle and track and the parameters listed in
Table 1, an investigation into the natural modes and resonance frequencies of the track, in the vertical and
lateral directions, respectively, is carried out with the commercial finite element code ANSYS 8.0. In the
analysis the rails are still modelled with Euler beams. The calculation length of the rail covers 35 sleeper spans.
Through the detailed analysis it is found that the rail calculation length has little influence on the results
concerning the natural frequencies and modes of the track when it covers 35–70 sleeper spans. The natural
frequencies found range from 0 to 2000Hz. The two ends of the rail are hinged. In such a situation, the
deflections and bending moments at the beam ends are zero. Since the calculation length of the curved track
covers only 35 sleeper spans, the effect of the track curvature on the structural modes is ignored in the modal
analysis. Thus, the track is assumed to be symmetrical about the central and vertical plane of the track. In the
modal analysis, it is found that the vertical and lateral modal frequencies are quite different, and the parallel
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Table 2

Parameters of structures of passenger car and track

Parameter Value Parameter Value Parameter Value

Mc (kg) 1:7� 104 Kfy (MN/m) 5 Ms (kg) 349

Mt (kg) 3:0� 103 Kfz (MN/m) 0.55 Mb (kg/m) 466

Mw (kg) 1:4� 103 Ccy (kN s/m) 60 E ðN=m2Þ 2:1� 1011

Icx ðkgm
2Þ 3:8� 104 Ccz (kN s/m) 80 Iy ðm

4Þ 3:217� 10�5

Itx ðkgm
2Þ 2:26� 103 CfzðkNs=mÞ 6 Izðm

4Þ 5:24� 10�6

Ity ðkgm
2Þ 2:71� 103 dw ðmÞ 0.978 I0 ðm

4Þ 3:741� 10�5

Itz ðkgm
2Þ 3:16� 103 ds ðmÞ 1.21 r ðkg=m3Þ 7:8� 103

Iwx ðkgm
2Þ 915 lt ðmÞ 1.2 GK ðNm=radÞ 1:9587� 105

Iwy ðkgm
2Þ 140 a0 ðmÞ 0.7465 HL �HR ðmÞ 0.09453

Iwz ðkgm
2Þ 915 r0 ðmÞ 0.4575 a ðmÞ 0.08147

Kcx ðMN=mÞ 0.15 HcB ðmÞ 1.145 b ðmÞ 0.075

Kcy ðMN=mÞ 0.15 HBt ðmÞ �0.081 drðmÞ 0.755

Kcz ðMN=mÞ 0.4 Htw ðmÞ 0.14 ls ðmÞ 2.5

Kfx ðMN=mÞ 10 mr ðkg=mÞ 60.64 Ls ðmÞ 0.6
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Fig. 6. (a) Vertical receptance of the track; (b) lateral receptance of the track.

Table 1

Coefficients of equivalent springs and dampers

Kry=Cry Krz=Crz Ksy=Csy Ksz=Csz Kw=Cw Kbz=Cbz

2:947� 107 N=m 7:8� 107 N=m 3:0� 107 N=m 7:0� 107 N=m 7:8� 107 N=m 6:5� 107 N=m

5:0� 104 Ns=m 5:0� 104 Ns=m 6:0� 104 Ns=m 6:0� 104 Ns=m 8:0� 104 Ns=m 3:1� 104 Ns=m
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rails of the track have symmetrical, anti-symmetrical and unsymmetrical modes about the central and vertical
plane of the track. It is also found that the first 10 resonance frequencies, especially for the lateral direction,
are very close to each other. The interval between the neighbouring resonance frequencies gradually increases
with increasing frequency.

By applying a harmonic load with different frequencies to different positions in a sleeper span of the
track in the vertical and lateral directions the receptance for different positions of the sleeper span was
obtained. Figs. 6(a) and (b) illustrate the vertical and lateral receptance of the track.

The receptance of the track represents the dynamic flexibility of the rail but its usefulness in interpreting the
results of rail corrugation is limited. A smaller flexibility (or larger track stiffness) leads to a larger normal load
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between the wheel and rail, and greater material wear on the rail running surface [2–5]. However, in a coupled
wheel/rail system, variations in the flexibility of the track, due to discrete sleeper supports, cause an excitation
of the system, and the varying normal load is a response to the system. The phases of the excitation and the
response, along rail running surface, are different. Therefore, the maximum normal load does not occur at the
rail position above the sleeper where the stiffness is the largest. The most serious wear of the rail material does
not form above the sleeper. The position where the most serious wear occurs depends on the sleeper span and
the rolling speed of wheel [32]. At the pinned–pinned frequency, the track vibration causes large wear of the
rail above the sleeper. However, the track vibration at the pinned–pinned frequency may not be excited as a
wheelset passes over the track as the frequency range of the system response depends greatly on the frequency
range and the energy of the excitation to the system. Therefore, the initiation and growth of rail corrugation
cannot be clearly described according to the dynamic properties of the track in the frequency domain. The
coupled dynamic behaviour of wheel and rail have to be considered in the time domain during the wheelset
passage. In addition, the interaction of the four wheels (leading and trailing wheelsets) cannot be ignored in
the rail corrugation calculation. The authors found the differences between the results obtained by two time-
domain corrugation models. One model only considered the coupled dynamic behaviour of a single wheel and
the track [32], and the other considers the interactions of four wheels of the same bogie in the present paper.
The undulatory wear patterns caused by the four wheels of the same bogie are very different.

In the range from 0 to 2000Hz, the track has many resonance frequencies. It is difficult to decide which
frequencies play a key role in the initiation and growth of the corrugation. The wheelset rolling speed and the
track natural frequencies easily excited have a great influence on the rail corrugation wavelength. The
frequencies of the track vibration depend on the energy and frequency range of excitation of the track.
Actually, the excitations between the wheels and the rails are variable. They are caused by the irregularities of
the track and wheels.

In order to clarify the track natural frequencies that are excited during the wheelset passages, a half-sine
with length 30mm and depth 0.01mm is selected to model a dent on the high (outer) rail head in the vertical
and lateral directions, respectively, and used as an irregular input to the system of the half-passenger car and
the track. Through the dynamic simulation using the vehicle-track model discussed above, the fluctuating
normal loads of the wheel and rail are obtained. Their linear spectra show the main vibration frequencies, as
shown in Fig. 7. Fig. 7(a) illustrates the linear spectrum of the normal load fluctuation caused by the dent on
the rail head in the lateral direction, and Fig. 7(b) indicates that caused by the vertical dent. It is obvious that
two main frequencies of the system vibration, f A � 40 and f B � 740Hz, are easily excited when the passenger
car passes the track. These two frequencies dominate the wavelengths or passing frequencies of the
corrugation development. From the above modal analysis it is known that f A is not a resonance frequency of
the track. It corresponds approximately to the sleeper passing frequency of the track which is about 37Hz,
obtained by dividing the train speed of 22.2m/s by the sleeper span. Probably, f A should be attributed to the
discrete sleeper supports. This frequency will be further investigated in detail. If the assumed dent is placed on
the low rail, peaks occur at the same frequencies when the passenger car passes over the dent.
0 500 1000 1500 2000 2500 3000
0.00

0.03

0.06

0.09

0.12

0.15
fA≈40 Hz

fB≈740 Hz

A
m

pl
itu

de
 (

kN
/H

z)

Frequency (Hz)

B
A

0 500 1000 1500 2000 2500 3000
0.00

0.05

0.10

0.15

0.20

0.25

Frequency (Hz)

A
m

pl
itu

de
 (

kN
/H

z)

B fB≈740 Hz

(a) (b)

Fig. 7. (a) Linear spectrum of normal load fluctuation caused by a lateral dent; (b) caused by a vertical dent.



ARTICLE IN PRESS
X.S. Jin et al. / Journal of Sound and Vibration 293 (2006) 830–855840
2.2. Wear calculation of rail running surface

2.2.1. Calculation of tangential traction and slip on contact patch

FASTSIM [33] and Kalker’s rolling contact theory of three-dimensional elastic bodies [34] are available for
the calculation of tangential traction and slip on the contact patch of wheel–rail with elastic deformation.
However, FASTSIM was developed based on Hertzian assumptions, one of which is that the radii of
curvature of the elastic bodies in contact are constant near their contact point. If geometry irregularities or
undulatory wear with small wavelengths exist on the rail running surface, this assumption is broken. If so, it is
difficult to determine the radii of curvature prior to calculating the flexibility coefficients of the contacting
bodies in using FASTSIM for repeated wear calculation of the rail material. If the initial values of the radii of
curvature were always used in the repeated wear calculation, it could lead to large cumulative errors in the
material wear and profile change of the rail.

It is therefore very desirable to use Kalker’s non-Hertzian rolling contact theory of three-dimensional elastic
bodies in the analysis of rolling contact of wheel and rail with geometry irregularities or undulatory wear with
small wavelengths. This is because the rolling contact theory model does not include the radii of curvature of
the contacting bodies at their contact point. It is described in detail in Chapter 4 of Ref. [34]. The computer
code CONTACT includes several modules for rolling contact calculation. One of them implements the
numerical calculation of Kalker’s rolling contact theory with non-Hertzian form. However, this module in
CONTACT cannot be directly used in repeated calculation of wheel–rail rolling contact if the continuous
profile change of the rail, due to wear, is considered. Therefore, the module needs to be modified a little. To
that end, w30 is defined as the depth of the initial irregularity profile at the contact point on the rail. w

ðmÞ
3J is the

new undulatory accumulated wear depth at the same contact point after m wheel rolling passages. It is

assumed that all the wear takes place only on the rail surface. Considering the influence of w30 and w
ðmÞ
3J on the

normal distance between the wheel and rail (as shown in Fig. 8(a)), the discrete form of the principle of
complementary virtual work of the wheel and corrugated rail in rolling contact is written as follows:

min C ¼ 1
2
pIiAIiJjpJj þ f½ðhJ þ w30 þ w

ðmÞ
3J � hminÞ � q�pJ3 þ ðW Jt � u0JtÞpJtgA0

s:t: : pJ3X0; jpJtjpbJ ,

A0

XM
J¼1

pJ3 ¼ Pwrnk; 8x 2 Ac. ð22Þ

In Eq. (22) subscripts i ¼ 1; 2; 3 stand for the directions of the x1;x2 and x3 axes (see Fig. 8), t ¼ 1; 2 denote
the directions of x1 and x2; I ; J are the numbers of the rectangular elements in Fig. 8(b). AIiJj is the influence
coefficient of force/displacement, indicating the i direction displacement occurring at the centre of rectangular
element I caused by the j direction unit force acting at the centre of rectangular element J. piI is the component
of traction on element I. hJ is the value of the normal gap h (shown in Fig. 8(a)) at the centre of element J,
which is obtained by the calculation of contact geometry of the wheel/rail mentioned above. q is the unknown
approach in the direction of x3. u0Jt is the component of the elastic difference of the pair of contact particles at
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Fig. 8. (a) Description of normal distance variation; (b) mesh covering a potential contact area.
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centre of element J at the previous time step t0, A0 ¼ Dx1 � Dx2 ¼ 0:8� 0:8 ¼ 0:64mm2, which is the area of
the rectangular element, AC is the potential contact area, M is the total number of the rectangular elements,
selected as 21� 21 ¼ 441 in the calculation. bJ is the bound of Coulomb friction at the centre of element J,
which reads

bJ ¼ fpJ3 x 2 H,

bJ ¼ f 0pJ3 x 2 S, ð23Þ

where f ; f 0 are the static and kinetic Coulomb friction coefficients, selected as f ¼ f 0 ¼ 0:3. H and S are,
respectively, the stick and slip areas in the contact area.

In Eq. (22), Pwrnk ðk ¼ 1; 2; 3 and 4Þ, the total normal load, is obtained through the calculation of the
coupling dynamics of the vehicle and curved track discussed in Section 2.1. W Jt ðt ¼ 1; 2Þ is the component of
the rigid slip between the wheel and rail at the centre of element J from the previous time step t0 to the present
time step t, and written as

W Jt ¼

Z t

t0
½xtk þ ð�1Þ

tx3�tx3k�v0 dB ðt ¼ 1; 2; k ¼ 1; 2; 3; 4Þ. (24)

In Eq. (24) xtk are the creepages of the wheel and rail, also obtained through the dynamics calculation,
subscript t ¼ 1; 2 and 3 indicate the longitudinal, lateral and spin creepages of the wheel and rail, and
k ¼ 1; 2; 3 and 4 indicate wheels 1, 2, 3, and 4. It is noted that the creepages indicate the slips between the
wheel and rail, at their contact point, which are caused by the wheel and rail rigid motion and the rail structure
deformation. The rail structure deformation indicates its bending and twisting deformations, instead of the
local elastic deformation in or near the contact area of the rail. x1 and x2 are the coordinates of the centre of
element J, v0 is the speed of the wheel rolling, t0 and t are the previous time step and the present time step in the
continuous calculation.

The mathematical programming method is used to find the solution to Eq. (22) [34]. Therefore, pJi; u
0
Jt ði ¼

1; 2; 3; t ¼ 1; 2; J ¼ 1; 2; . . . ; 441Þ in Eq. (22) are obtained. The Poisson’s ratio and shear modulus of the
material used in the calculation are 0.3 and 7:8125� 104 N=mm2.

2.2.2. Material wear model of wheel and rail

The material wear model in which material loss mass per unit area is proportional to frictional work of unit
area reads [6,14,15,35,36]

Dmðx1;x2Þ ¼ Cwf wðx1;x2Þ. (25)

In Eq. (25), Dmðx1;x2Þ is the material mass loss per unit area at point ðx1;x2Þ, Cw ¼ 1:0� 10�9 kgNm [6,14,15]
which is the wear coefficient, and f wðx1;x2Þ the frictional work density. Considering the square element I in
the contact area, as shown in Fig. 8(b), and the results obtained with the above rolling contact theory, Eq. (25)
is rewritten as

DmðxI1;xI2Þ ¼ Cwf wðxI1;xI2Þ ¼ CwjSI1pI1 þ SI2pI2j, (26)

where SIt is the component of the total slip of the wheel and rail at the centre of element I in the direction of
xt, given by

SIt ¼W It þ pJt0AJt0It � u0It ðt; t
0 ¼ 1; 2; I ; J ¼ 1; 2; . . . ; 441Þ. (27)

In Eq. (27), W It is calculated with Eq. (24), pJt0AJt0It � u0It stands for the component of the local elastic
deformation difference at the centre of element J (see Fig. 8(b)), at the present time step t. It is should be noted
that the subscripts t0 and J in Eq. (27) are summed over their ranges.

Considering the first passage of the passenger car, for instance, the depth of wear at the centre of element I is
written as

w
ð1Þ
I3 ¼ CwjSItpItj=r ðt ¼ 1; 2Þ, (28)

where r ¼ 7:8� 103 kg=m3, which is the density of the rail material. After k passages the total wear depth is
the sum of each wear depth.
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The above calculation model of rail corrugation is described simply by Fig. 9. hk is the normal distance
between wheel k and the rail. k ¼ 1; 2; 3 and 4 denote wheels 1, 2, 3 and 4, respectively. xjk;Pwrnk, Y wi;cwi and
Y rk are obtained through the dynamics calculation of the passenger car and track. hk and dk are obtained
through the contact geometry calculation of the wheelset and the track. xjk;Pzk; hk and dk are used in
the calculation of the traction and slip on the contact patch of the wheel and rail (see Eqs. (22) and (23)). The
frictional work density f wk on the contact patch is determined. If the frictional work density is known,
the wear depth on the running surface is determined with the material wear model at the present step (see
Eq. (28)). Before the next loop calculation is carried out, the profiles of the rails need to be modified, due to
the new wear. Using the accumulated material wear on the rail running surface, the maximum depth of the
undulatory wear along the rail running surface is determined, and then used as an input of rail irregularity to
the system of the half-passenger car and the curved track, for the next step calculation of the dynamics. Fig. 9
indicates a feedback process between the transient coupling dynamics of the passenger car and the curved
track and long-term wear processes.

The calculation length of rail corrugation considered along the rail running surface is selected to be only
3.2m. It is 90m from the location of the calculated corrugation to the connection between the tangent track
and the entering transition curve, as shown in Fig. 10. For each passage of the passenger car, the calculation
length of the dynamics covers the entire curved track.
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3. Numerical results and discussions

3.1. Effects of corrugation with different depths and wavelengths

Usually, the rail corrugation present in the railway field reveals different depths of undulatory wear and
various different passing frequencies or wavelengths. Their depth and wavelength have a great influence on the
dynamic performance of the vehicle and the track and the new wear on the rail running surface. Such influence
is investigated with the present numerical method. To that end, it is assumed that an initial corrugation has
different depths and same wavelength, or different wavelengths and same depth. Considering the different
positions of the leading and trailing wheelsets in the longitudinal direction of the track, the depths of the initial
corrugation under the leading and trailing wheelsets are described by

WCL ¼ dp 1� cos
2pðxþ lbÞ

l

� �� �
; WCT ¼ dp 1� cos

2px

l

� �� �
. (29)

In Eq. (29), WCL indicates the maximum wave-depth of the corrugation at the contact point of the leading
wheelset and the rails, WCT corresponds to that under the trailing wheelset, x is the distance of the wheelset
rolling along the entire curved track, dp is the depth, l is the wavelength, and lb ¼ 2:4m, which is the distance
between the leading and trailing wheelsets. The cosine irregularity described by Eq. (29) is placed on the entire
curved track. It is noted that first and second formulae denote the same applied irregularity on the curved
rails. Eq. (29) expresses the initial assumed corrugation depths at the two different contact points.

When the passenger car passes through the curved track at speed 80 km/h with the initial corrugation with
wavelength of 30mm and depths 2dp of 0.002, 0.01 and 0.05mm, the dynamic performance of the vehicle and
the track changes very much, and also the behaviour of the wheels/rails vary periodically. Fig. 11 illustrates
the fluctuations of the normal load between the high rail and wheel 1. Under an excitation of the initial
corrugation with a depth of 0.05mm, the amplitude of the normal load fluctuation increases to about two time
of the quasi-static normal load which is 56 kN. The wavelength of fluctuation is the same as that of the initial
corrugation. Fig. 12 indicates the fluctuations of the normal loads between the rails and the four wheels of the
same bogie under an excitation of the corrugation of 0.01mm depth. The normal load fluctuation of the
outside wheel/rail is larger than that of the inside wheel/rail.
1020 1050 1080 1110 1140 1170
-80

-60

-40

-20

0

20

40

60

80

1 0.002mm Wave Depth

2 0.01mm Wave Depth

3 0.05mm Wave Depth

3

2

N
or

m
al

 L
oa

d 
F

lu
ct

ua
tio

n 
(k

N
)

x1 (mm)

1

Wheel 1

λ=30 mm

Fig. 11. Normal load of wheel 1 and the rail.



ARTICLE IN PRESS

1020 1050 1080 1110 1140 1170

-60

-40

-20

0

20

40

60

1 Wheel 1

2 Wheel 2

3 Wheel 3

4 Wheel 4

4

3

2

N
or

m
al

 L
oa

d 
F

lu
ct

ua
tio

n 
(k

N
)

x1 (mm)

1

Rolling Direction

Fig. 12. Normal load of 4 wheels and rails.

X.S. Jin et al. / Journal of Sound and Vibration 293 (2006) 830–855844
Such a situation causes a greater undulatory material wear on the outside rail than on the low (inner) rail of
the curved track. From Fig. 12, the phases of the fluctuations of the normal loads have a little difference since
an interaction of the leading wheelset and the rails affects that of the trailing wheelset and the rails. Therefore,
the phases of the new corrugation caused by the four wheels of the same bogie are different. Due to the
corrugation excitation, the creepages, stick/slip areas of the wheels and rails vary with the same frequency as
that of the normal load fluctuation. Fig. 13 illustrates the creepages of wheels 1, 3 under an excitation of
the corrugation with 0.01mm wave-depth. Curves 1–3 indicate the lateral, longitudinal and spin creepages.
The thick lines denote the creepages of wheel 1, and thin broken lines denote those of wheel 3. It is clear that
the absolute values of the lateral and longitudinal creepages of the leading wheelset are much larger than those
of the trailing wheelset, and also the oscillation amplitude of the creepage is larger than that of the trailing
wheelset. The constant and undulatory wear caused by the leading wheelset are, of course, much greater than
those caused by the trailing wheelset. But there is little difference between their spin creepages. The wavelength
or frequency of the creepage oscillation is the same as that of the corrugation excitation or the normal load. In
Fig. 13, the lateral creepages and the longitudinal creepage of wheel 3 are constant over the distance 150mm
shown. Actually, the creepages change from zero to the values present in Fig. 13 as the passenger car moves
from the tangent track to the location of the calculated corrugation, as shown in Fig. 10. The lateral creepage
of wheel 1, indicated by thick line 2, oscillates with a small amplitude and 30mm wavelength. The step-like
behaviour of the spin creepages is due to quantization errors in the output. Between wheels 2, 4 and the low
rail, the almost same situation occurs as that between wheels 1, 3 and the high rail.

When the train passes through the circular curve of the curved track, the yaw angles of the leading and
trailing wheelsets are about 0:31� and �0:076�, and their lateral shifts are about 10 and 4.7mm, respectively.
The contact areas of the leading wheelset and the rails get into a full slip situation. However, a stick area exists
in the contact areas of the trailing wheelset and the rails. The contact areas and stick/slip areas vary
periodically along the running surfaces of the rails. Figs. 14 and 15 illustrate the variations of the stick/slip
areas, normal loads and frictional works of the high rail and wheels 1 and 3, respectively, under an excitation
of the corrugation with 0.01mm depth. The larger normal load causes the larger stick/slip areas and frictional
work, and also causes deeper wear on the rail running surface according to Eqs. (25)–(28). Fig. 14 shows that
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the stick area vanishes in the contact patch of wheel 1 and the high rail. The same situation occurs in the
contact patch of the low rail and wheel 2 (namely the right wheel of the leading wheelset). But the contact area
of the high rail and wheel 3 includes a stick area, which is about one-third of the whole contact area. It should
be noted that the contact area is the sum of its stick and slip areas.
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When the passenger car passes through the curved rails corrugated with 0.01mm depth the new undulatory
wear forms on the running surfaces of the rails passed by the four wheels of the same bogie. Fig. 16 illustrates
the maximum depth variations of the new undulatory wear. The maximum wave-depth caused by the leading
wheelset is as about two times that caused by the trailing wheelset. Although the phases of the initial
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corrugation excitation to the four wheels are assumed to be same, the phases of the new undulatory wears
caused by them are different due to the interactions of the four wheels of the same bogie. Their wavelength is
the same as that of the initial corrugation.

Fig. 17 illustrates the patterns of new wear caused by an excitation of the corrugation with 30mm
wavelength and 0.002, 0.01 and 0.05mm depths. The figures in the left column indicate the new wears occur on
the high rail running surface passed by wheel 1, and those in the right column indicate the situation caused by
wheel 3. The patterns present the constant wears and the wave wears on the rail running surfaces passed by the
wheels after the first passage of the passenger car. The wavelength of the new wave wear is the same as that of
the initial corrugation. Fig. 17(b) shows only mild wave wear since the initial corrugation excitation with
0.002mm depth causes the small fluctuation of the normal loads, as shown in Fig. 11. However, the depth of
the new wave wear increases quickly with an increase of the initial corrugation depth. From Fig. 12, the
fluctuating amplitudes of the normal loads of wheels 1 and 3 are almost the same under the same initial
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Table 3

Acceleration of wheelset and track structure parts

Excitation amplitude Item W-l (g) W-t (g) R-1 (g) R-2 (g) R-3 (g) R-4 (g) Slp (g) Bal-L (g) Bal-R (g)

0.002mm Ac./V 0.634 0.671 6.454 5.616 6.847 5.744 0.8 0.0249 0.229

Ac./L 0.059 0.063 2.293 1.275 0.766 0.469 0.033

0.01 mm Ac./V 3.142 3.309 31.37 28.216 34.082 28.559 4.025 0.12 0.115

Ac./L 0.147 0.317 10.792 6.383 3.793 2.33 0.166

0.05 mm Ac./V 14.523 15.482 155.20 132.80 168.96 134.55 18.806 0.624 0.504

Acc/L 1.188 1.935 49.55 29.02 22.67 13.94 0.731

Letters V, L indicate the vertical and lateral directions, W-l and W-t stand for the leading and trailing wheelsets, R-1, R-2, R-3 and R-4

stand for the contact points under wheels 1, 2, 3 and 4, Slp stands for the sleeper close the leading wheelset, and Bal-L and Bal-R stand for

the left and right equivalent ballast mass body. The accelerations are given in terms of gravitational acceleration g ¼ 9:81m=s2. The

amplitudes listed are measured from peak to trough.
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corrugation excitation. But the depth and width of the wear caused by wheel 1 are much larger than those
caused by wheel 3. This is because the creepages of wheel 1 and their fluctuating amplitudes are much larger
than those of wheel 3, as shown in Fig. 13. According to Eqs. (24)–(28), the creepages are the key factors to
determine the wear. The occurrence of larger creepages on wheel 1 is due to the larger attack angle and lateral
deflection of the leading wheelset. Therefore, under an excitation of the same irregularity, the undulatory rail
wear caused by the leading wheelset is much more serious than that caused by the trailing wheelset of the bogie
when the passenger car passes through the curved track.

Through the analysis, it is found that the rail corrugation with high passing frequencies affects the dynamic
performance of the bogie and the carriage of the passenger car little, but affects that of the wheelset and track
structure very much. Table 3 indicates the maximum oscillation amplitudes of the vertical and lateral
accelerations of the centres of the wheelsets and the track parts under the excitation of the corrugation with
different depths. The oscillation frequency of the accelerations is the same as that of the corrugation
excitation.

In railway track, existing corrugation presents different wave-depths, and also presents a few different
wavelengths. In the present paper, the effect of the corrugation excitation with 0.01mm depth, and 30, 80 and
200mm wavelengths, on the dynamic performance is investigated. When the passenger car passes through the
curved rails corrugated with 30, 80 and 200mm wavelength, the vibration amplitudes of the structures of
the passenger car and the track are much different. If the wavelength of the corrugation excitation increases,
the fluctuation amplitudes of the normal load, the acceleration and the creepage decrease very much. For
instance, under an excitation of the corrugation with 200mm wavelength, the amplitude of the wheelset centre
acceleration oscillation is about 1/10 of that under the corrugation excitation with 30mm wavelength. So the
depth of the new undulatory wear caused by the corrugation with larger wavelength (or lower passing
frequency) is smaller than that caused by the corrugation with smaller wavelength (higher passing frequency).
According to dynamics theory, this conclusion is easily understood. At a constant running speed, the rail
corrugation with deeper wave-depth and higher passing frequency has the larger energy of excitation to the
coupled system of railway vehicle and track. Therefore, such rail corrugation excitation causes a greater
vibration of the system, the large creepages and normal loads between the rails and the wheels, and the serious
undulatory wear on the running surfaces of the rails.

3.2. Development of initial corrugation with increasing number of wheel passages

Some published papers have a discussion on the development of the initial corrugation existing on the rail
with increasing number of train passages. One of their conclusions is that if the passing frequency of the initial
corrugation is the same as the natural frequency of the track, the wheel/rail system resonance occurs. The
initial corrugation develops fast. This phenomenon is further investigated with the present numerical method.
To that end, an initial corrugation with 30mm wavelength and 0.005mm wave-depth is assumed to exist on
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the curved rails. It is described with the following functions:

CL ¼ dp 1� sin
2pðxþ lbÞ

l

� �� �
1� sin

2py

ly

� �� �
; CT ¼ dp 1� sin

2px

l

� �� �
1� sin

2py

ly

� �� �
. (30)

In Eq. (30), the first formula denotes the initial corrugation passed by the leading wheelset, the second passed
by the trailing wheelset, dp ¼ 0:00125mm, l ¼ 30mm, ly is the width of the initial corrugation in the lateral
direction, y is the coordinate of the rail running surface in the lateral direction, lb ¼ 2:4m, the distance from
the leading wheelset to the trailing wheelset. It is noted that CL and CT indicate the same initial corrugation
placed on all the curved rails considered. At the positions of the leading and the trailing wheelsets the initial
corrugation mathematical expression has a longitudinal distance difference lb, as described by Eq. (30). If the
passenger car passes through the curved rails with the initial corrugation at 80 km/h, the passing frequency of
the initial corrugation is 740.7Hz, which is obtained by dividing the running speed, 80 km/h, by 30mm
wavelength. This frequency approximately equals the track resonance frequency f B, as shown in Fig. 8.

After 1, 10 and 30 passages of the passenger car, the evolutions of the initial corrugation caused by wheel 1
are illustrated with Figs. 18(a), (b) and (c), respectively. It is obvious that the depth of the corrugation from
peak to trough gradually becomes shallow with increasing number of passenger car passages. The main
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wavelength of the initial corrugation evolution is the same as that of the initial corrugation. Almost the same
situation occurs on the running surfaces of the rails passed by the other 3 wheels of the same bogie. In Fig. 18
the new corrugation has a tendency to move forward. After 30 passages, the new corrugation surpasses the
initial corrugation for Sw � 4mm, as shown in Fig. 18(c). Fig. 19 indicates the maximum depth variation of
the new corrugation corresponding to Fig. 18. The above explanation for Fig. 18 is further clarified according
to Fig. 19. It is noted that Fig. 19 shows the new undulatory wear without the constant wear, namely, the
constant wear is taken off. Due to the decrease of wave-depth of the initial corrugation with increasing
number of passages, the vibration amplitudes of the normal loads, creepages, and the accelerations of the
wheels and the rails decrease gradually. Fig. 20 illustrates the normal load variation of wheel 1 and the high
rail after 1, 10, 20 and 30 passages of the passenger car. After 30 passages, the oscillation amplitude of the
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normal load is about 1/6 of that caused by the initial corrugation excitation. The phase of the normal load
oscillation moves forward by about 4mm, shown as Sw in Figs. 18 and 19.

Therefore, such a situation causes a moving of the new corrugation by about 4mm after 30 passages. It
should be noted that the movement of the initial corrugation in development is mainly caused by the phase
difference between the initial corrugation excitation and the normal load without the other interfering
factors. According to vibration theory, a system response always lags behind an excitation to the system
in the time domain. The larger the wave-depth of the initial corrugation excitation is, the larger is the
amplitude of the normal load fluctuation. However, the position where the maximum of the normal
load fluctuation occurs differs from the trough of the initial corrugation. Therefore, the position of
maximum depth of the new undulatory wear, for each passage, changes with the undulatory wear
accumulating as the excitation. This is a reason why the initial corrugation in development has a
tendency to move. The reason why the initial corrugation with a single wavelength decreases with increasing
number of the train passages should be explained as, under an excitation of the initial corrugation with
a single wavelength, the wheel and rail normal load fluctuates at a few frequencies (see Figs. 7 and 21).
The passing frequencies of the new undulatory wear depend on the frequencies of the normal load
fluctuations. In such a situation, the new accumulating undulatory wear gradually levels out the initial
corrugation with a single wavelength with increasing number of the passages. Regarding this, Ref. [32] has a
detailed discussion.

For the evolution of the initial corrugation with a fixed wavelength larger than 30mm, the same situation
occurs. So, the present numerical analysis brings about an interesting conclusion that the initial corrugation
with a passing frequency (a fixed wavelength) does not develop with increasing number of the passenger car
passages even though the passing frequency of the initial corrugation is the same as the natural frequency of
the track. It is because that the track usually vibrates at a few frequencies under an action of the wheelset.
During the passages, the vibration frequencies change probably, which depends on the extent (or energy) of
the interaction between the wheel and the rail. Fig. 21 illustrates the linear spectra of the fluctuations of the
normal loads of wheel 1 when the passages of the passenger car equal 1 and 30. For the first passage, the two
peaks appear at f B ¼ 740Hz and f C ¼ 1485Hz on the solid line. It is clear that f B is the frequency of the
initial corrugation excitation. The peak value of the linear spectrum at f B is much higher than that at its
harmonic f C . So f B dominates the key wavelength of the new corrugation at the initial stage. After 30
passages, the peak at f C disappears, the peak at f B reduces, the normal load fluctuation goes up in the range
less than 1600Hz, and also another peak at f A � 38Hz appears, as shown by the solid line with circles in
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Fig. 21. f A is close to the sleeper passing frequency, as shown in Fig. 8. However, the peak value of the linear
spectrum at f B is much higher than that at f A. So after 30 passages f B still controls the key wavelength of the
corrugation evolution. Due to a gradual increase of the normal load fluctuation at 38Hz, a wavelength near
580mm with very small wave-depth develops in the pattern of the new corrugation, as shown in Fig. 22, after
30 passages. It is noted that Figs. 22 and 18(c) stand for the same case. They were obtained by processing the
data in different domain and contour levels. The wavelength about 580mm is close to the sleeper pitch,
600mm. The discrete sleeper supports probably cause such anundulatory wear with 580mm wavelength.
Whether the conclusion is correct is still an open question. This frequency will be further investigated by the
authors.

After 30 passages, the evolutions of the initial corrugation on the rail under wheels 2, 3 and 4 are shown in
Fig. 23. It is interesting that the initial corrugation in evolution on the low rail under wheel 2 has a tendency to
move backward, as shown in Fig. 23(a), by about Sw � 6mm. However, the evolution of the initial
corrugation under an action of the trailing wheelset does not appear to have a tendency to move. In Ref. [32],
the model of rail corrugation considered just a coupling of a single wheel and rail. A conclusion drawn from
Ref. [32] is that the developing corrugation has a tendency to move forward. This conclusion is not general
because the model in Ref. [32] ignored the across influences of the interactions of the rails and the four wheels
of the same bogie. As we know, the movement of the developing corrugation can depress the growth of the
corrugation. If the phase of developing corrugation does not change, the depth at its trough increases quickly
with increasing number of the wheelset passages.

4. Conclusions

A three-dimensional train–track model for study of rail corrugation is put forward to analyse the effect of
rail corrugation with different depths and wavelengths on the dynamic behaviour of a passenger car and a
curved track in detail. Also the evolution of initial corrugation with different wavelengths is investigated. In
numerical analysis, Kalker’s non-Hertzian rolling contact theory is modified and used to calculate the
frictional work density on the contact area of the wheel and rail in rolling contact. The rail material loss per
unit area is assumed to be proportional to the frictional work density, which is used to determine the wear
depth of the contact surfaces of the curved rails. The combined influences of the corrugation excitation and the
vertical and lateral coupling dynamics of the passenger car and the curved track are taken into account. The
numerical results obtained lead to the following conclusions:
(1)
 The corrugation with high passing frequencies has a great influence on the dynamic performance of the
wheelset and track, but little on the car-body and the bogie frame.
(2)
 Under the condition of the same speed and the same wavelength, the deeper the corrugation depth from
peak to trough is, the greater the influence on the dynamic performance and the rail material wear are.
However, under the condition of the same speed and the same wave-depth, the longer the corrugation
wavelength is, the smaller the influence and the wear are.
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(3)
 The initial corrugation causes the vibration of the wheelsets and the track, such vibration contains a few
natural frequencies of the track, which are easily excited when the passenger car passes over the corrugated
rails. The new undulatory wear with a few different wavelengths levels out the initial corrugation
gradually. The new undulatory wear for each passage gradually decreases with the gradual decreasing of
the initial corrugation excitation. Therefore, the initial corrugation with a fixed wavelength on the rail
running surface does not have a tendency to grow with increasing number of train passages. Its
development depends on the track natural frequencies to be easily excited.
(4)
 The evolution of the initial corrugation caused by the leading wheelset has a tendency to move along the
rail running surface.
(5)
 The track stiffness has, of course, a great influence on the initiation and development of rail corrugation
and the wear. If we change any parameter of the track, such as the geometry size, the equivalent springs
and dampers among parts of the track, the stiffness, the natural frequencies and the easily excited
frequencies of the track can be changed. Therefore, this leads to the corrugation with different wavelength
and wave-depth. These interesting phenomena will be further investigated by the authors.
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